CUP-LENGTH ESTIMATE FOR LAGRANGIAN INTERSECTIONS 



Chun-gen Liu 

Department of Mathematics, Nankai University 
Tianjin 300071, People's Republic of China 
liucg@nankai .edu.cn 

Abstract. In this paper we consider the Arnold conjecture on the Lagrangian inter- 
sections of some closed Lagrangian submanifold of a closed symplectic manifold with 
its image of a Hamiltonian diffeomorphism. We prove that if the Hofer's symplectic 
energy of the Hamiltonian diffeomorphism is less than a topology number defined by 
the Lagrangian submanifold, then the Arnold conjecture is true in the degenerated 
(non-transversal) case. 



§1 Introduction and main results 

Let (M, uj) be a closed symplectic manifold, L C M be its closed Lagrangian 
submanifold. A Hamiltonian H : [0, 1] x M — > M is a C°° function. This function 
defines a t-dependent Hamiltonian vector field on M by Ci;(-, = dHt- The 
time one map (p = (f>^ of the flow generated by the Hamiltonian vector field Xnt 
is a symplectic automorphism of M. Arnold conjecture that, for some symplectic 
manifold (M, uj) and its Lagrangian submanifold L, the intersection L fl f{L) con- 
tains at least as many points as a topology number of L. If L transversely meet 
<f{L), then the topology number can be the rank of H*{L; F) for some ring or field 
F. In general, this topology number can be the cup-length of L which is defined by 

cl(L,F) = max{A; + 1| 3a, G H'^'{L,¥), d^>l, i = 1, ■ ■ ■ , /c 

such that «! U ■ ■ ■ U a/c 7^ 0}. 
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In this paper, we fixed F = Z2 and denote the cup-length of L by cl(L). 

It is well known that the above Arnold conjecture is not true in general. For 
example the "small Lagrangian torus" in a symplectic manifold can be push away by 
some Hamiltonian diffeomorphism. In this case the intersection L n ^{L) — 0, but 
the topology number of L is not zero. So we need further conditions to guarantee 
this version of the Arnold conjecture. The first condition was given by Floer in 
[F1,F2] (see also [H]). It was proved that if 7r2(M, L) = or u(7i2{M, L)) = 0, then 
the Arnold conjecture on the Lagrangian intersection is true. Chckanov [Chl-Ch2] 
found that there is some relation between the Hofer's bi-invariant metric of the 
Hamiltonian diffeomorphim and this version of Arnold conjecture. 

For a Hamiltonian : [0, 1] x M — > M, we can define a semi-norm of H as 



This semi-norm is weaker than C°-norm of H and plays an eminent role for Hofer's 
bi-invariant metric on the group of compactly supported Hamiltonian diffeomor- 
phism. The metric is defined by 



We say that L is a rational Lagrangian submanifold of M if there is a number 
(t{L) > such that a;(7r2(M, L)) = cr{L) ■ Z. 

Chekanov in [Chi] (see [Ch2] for a somewhat general statement) proved that 
if d{ip,idM) < cr{L), then |i(L fl <~p{L)) > dimif*(L;Z2) provided L is a rational 
Lagrangian submanifold of M with the number a{L) > defined as above and the 
intersection is transverse. 

The main result of this paper is the following theorem. 

Theorem. If L d M is a rational Lagrangian submanifold of M with the number 
(t(L) defined above and d{(p,idM) < (^{L), then there holds 
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(max H{t, x) — min H{t, x)) dt. 



X X 



d{ip,idM) = iiif{||iy|| I <y? is generated by iy}. 



ti(Ln(^(L))>cl(L). 
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§2 J-HOLOMORPHIC CURVES WITH BOUNDARY CONDITIONS 



Let L be a closed embedded Lagrangian submanifold of a compact symplectic 
manifold (M, a;). H : [0, 1]] xM — > IR is a smooth function, and is the Hamiltonian 
flow generated by the Hamiltonian function H. Setting Li = ip^[L), and considering 
the space 

ni(L) = {7 e C°°([0, 1], M) 1 7(0) e L, 7(1) e Li}, 
restricting to this space we define a 1-form a by 

(«(7),e)= f u:{^{t),m)dt. 
Jo 

This 1-form is closed. Let fli{L) be the component of Oi(L) which contains the 
constant path. A primitive F of a|fj<i(L) is a M/crZ- valued fimctional on Qi{L), the 
standard action functional of Floer's theory. It is defined up to additive constants. 
For a compatible almost complex structure J, define a metric on Qi{L) as follows: 



Jo 

The gradient of F with respect to this metric is given by 



VF(7)(t) = J(7(t))7(t). 

For a pair {x~^,x~) of critical points of F which correspondent to a pair of inter- 
sections of L n Li, we consider the following moduli space which is analogue to the 
connect orbit space of the negative gradient fiow of a Morse functional defined on 
a finite dimensional space 



MiJ, H, x+,x-) = {u:Rx [0, 1] ^ M 



dgU + JdtU = 0, It is not constant,' 
tt(s, 0) e L, tt(s, 1) e (p^{L) 
lim u{s,t) = x^ e Lr\(p^{L) 



If M G M.{JjH,x'^,x ), we define a map m : R x [0, 1] — > M such that u{s,t) = 
(p*{u{s,t)), then we get 



dsu + Jt {dtu + Xjj{u{s, t))) = 0. 
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(2.1) 



Here Jt = {dcp*)-^Jd(fi\ H{t,x) = H{t,(fi*{x)) and Xjj{x) = {d(f*)-^XHi(fi\x)) 
by definition. If J is compatible witli tlie symplectic structure u, so is for the t- 
dependent almost complex structure Jf. u satisfies the following conditions (2.2) 
and (2.3). 

M(s,0)eL, Vse(-oo,+oo) ^^^^ 

■u(s, 1) e L, Vs e (— oo, +oo). 

lim u{s,t) = x^{t), (2.3) 

where x^{t) — {(p^)~^{x^) is a Hamiltonian flow line of the Hamiltonian function 
—H and x^{0) = x^ G L fl (p^{L). Conversely, if ii is a solution of (2.1) satisfies 
(2.2) and (2.3), then u{s,t) = ^p^{u{s,t)) belongs to M.{J,H,x^ ,x~). In fact, it is 
easy to see u solves the equation 

dsU + Jdtu = 0. 

By definition of u, we have 

u{s, 0) = u{s, 0) e L, u{s, 1) = (p^{u{s, 1)) e (p^{L), 

and 

lim u{s,t) = (p\x^{t)) = x^{0) e Ln^^(L). 

s— >±oo 

Thus we can consider the following moduli space 



(2.4) 

(2.5) 
(2.6) 



M{J,H,x- 



u 



dsU + Jt {dtu + Xfj{u{s, t))) = 
u{s,Q) e L, u{s, 1) e L 

lim u{s, t) = a;^(t) is Hamiltonian fiow line of — H, 

s— >±oo 

x^{0) = x"^ eLnip^iL) 



+ 



X 



This moduli space A4(J, x"*", x~) is 1-1 corespondent with A4{J, H, x 

We recall that the Hamiltonian fiow line of the Hamiltonian function —H with 
Lagrangian boundary condition is a solution of the following equation 



x(0) e L, x{i) e L. 



(2.7) 



Wc can write x{t) = ((/?*) "-"^(xq), then x{0) = xq & L and x{l) = {(p^)~^{xq) G L, 
it implies x{Q) = G L fl ^p^{L). The space of the solutions of (2.7) is one to one 
correspondent with the set L n (p^{L). 
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In order to find solutions of equation (2.7), we define the following spaces 



n{L) = {xe C°°([0, 1], M) I a;(0) G L, x{l) e L}, 
no{L) = {xe n{L) I [x] = Oe 7ri(M, L)}, 

and the universal cover space of Qo{L) 

Qo{L) = {ux : D ^ M \ Ux\s+ = x, u^ls- = x}, 

where D is the unit disc in C with dD — U S~ , and (resp. S~) is the upper 
(resp. lower) half unit circle which is a part of dD, the boundary of D. x : [0, 1] — > L 
is a path in L which is isotopic to x relative to the end points. On the space flo{L) 
we define a functional 

Ah{x,Ux) = / u*u;+ / H{t,x{t))dt. 

J D Jo 

It is easy to see that 

dAnixm- ['io{x + X^{x),0 
Jo 

This means that dAnix) — implies x + X jj{x) = 0. 

The functional induces a functional A : tlo{L) M/crZ if L is rational with 
a;(7r2(M, L)) = a{L)Z for some a = a{L) > 0. 

§3 Morse homology and its cup product 

We first recall the Morse homology theory briefiy (see [MS2] for details), Let 
(/, g) be a Morse-Smale pair on L, that is, let / be a fixed Morse function and g 
be a generic Riemannian metric on L such that the stable and unstable manifolds 
W^{y), W'^{x) for critical points x, y e Grit/ for the negative gradient flow of (/, g) 
intersect transversely. We define the connect orbit space of x,y E Grit/ by 

M,,,(/, ^) = {7 e C^{R, L) I 7 + V,/(7) = 0, 7(-oo) = x, 7(+oo) = y}. 

We have dim.Mx^y{f,g) = ii{x) — iJ,{y), ij,{x) is the Morse index of a; e Grit/, and 
Mx,y{f, g) admits a free R-action by translation: s ■ ^{■) = 7(s + •). We denote the 
quotient space by 

M,,^(/,^) = M,,^(/,^)/M. 
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Let C^{f) denote the Z2-free Abelian group generated by Crit^/ = /j, ^{k), and 
define the boundary operator as 

fj,{y)=fj,{x) + l 

where n{x,y) is defined by 

n{x,y) = h2Mx,y{f,g) 

the modulo 2 number of Mx^y{f, g), it is weU defined when fj,{x) — fj,{y) = 1. It is 
weU known that 6^—0, and 

H*{C*{f), 6) ^ H*{L; Z2). (3.1) 

Let {f,gi), i = 1,2, 3 be three generic Morse-Smale pairs on L such that the fol- 
lowing moduli spaces are n{z) — n{x) — ii{y) dimensional space for x,y, z E Critf 

M,,,,y{f,gug2,g3) = {(71,72,73) e W'^iz) x W%x) x W'{y) \ 

7i(0) = 72(0) = 73(0)} 

and the spaces Mz,x,y{f, gi, g2, gs) are compact in dimension 0. 

Analogously to 5 we define the following operation on C*(/, Z2). Given x,y,z E 
Critf, we set 

n{z; X, y) = ^Mz,x,y{f, gi,g2, gs) (mod 2) for ^{z) = ^{x) + ii{y) 

and 

m2 : C\f,'L2)®C\f,Z2) ^ C"+H/,^2) 

m2{x®y)= ^ n{z;x,y)z. (3.2) 

z€Critk+if 

777.2 is a chain operator and it induced a cup product of the cohomologies H*{L; Z2). 
These result are standard now (see for example: [MSI] section 3 for A — Q thus u 
must be a constant map, or [Ful] for fi = f2 — /s with different metrics satisfy- 
ing the transversal conditions). Analogously we can define the moduli spaces for 
xo,xi, ■■■ ,Xke Critf 

Mxo;x^,- ,xk = {(7o,7i,-- - ,1k) e W'ixo) X W^{xi) X ■■■ X W'{Xk) I 

7o(0) = 7i(0) = --- = 7fc(0)} 
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and 

rrik : C'^ (/, Z2) ® • • • C'^ (/, Z2) ^ C'^+-+''= (/, Z2) 
mk{xi, ■■■ ,Xk) ^ ^nk{xo;xi, ■ ■ ■ ,Xk)xo, where 

IJ,{xo) = iJ,{xi) -\ \- iJ^ixk) and nkixo;xi,- ■ ■ ,Xk) = h2-^xo;xi,- ,xk- 

ruk induced /c-fold cup- product of the cohomologies i/*(L; Z2). 

In this section we always assume that (M, uj) is a closed symplectic manifold. L C 
M is a closed rational Lagrangian submanifold with the constant cr(L) > defined 
as in section 2. i.e., we have uj{ti2{M^L)) = (t(L)Z for some ct(L) > 0. Denote by 
H{M) the set of all Hamiltonian function if : [0, 1] x M ^ R . Any H E H{M) 
defines a time-dependent Hamiltonian fiow (p^ : M ^ M. Time one maps of such 
flows form a group <S(M, a;) called the group of Hamiltonian symplectomorphisms 
of M. On the space H{M), we have a semi-normal defined by 

||iy|| = / {max. H {t, x) — min H{t,x)) dt. 

Jq X X 

For (p e <S(M, a;), the energy of (p is defined by 

E{(fi) = inf{||iy|| \(fi is a time one fiow generated hy H E 7i(M)} 

We assume that E{ip) < a{L), this condition is essential for the compactness of the 
moduli spaces because under this condition no bubbling-off ( J-holomorphic sphere 
and disc) occurs. So we can naturally define the deformation cup product of the 
cohomology groups. Under the above conditions, we have the moduli space 

M°(J, H)^{ue C°^{D, M) I dsU+Jt {dtu + Xfj{u{s, t))) = 0, [u] = e 7r2(M, L)}. 

Given xq,xi, - ■ ■ ,Xk £ Critf we define 

■M°o;.i,- ,x, = {(ti, 70, 71, ■ ■ ■ , 7;^) e A^«( J, H) X W^{xo) x W%xi) x • ■ ■ x W^{xk) 
u{zi) = 7i(0), Zi e dD, i = 0, 1, • • • , A;} 

Theorem 3.1. Given a Hamiltonian function H with ||iy|| < cr{L), and generic 
pairs {f,gi), i = 0,1, • • ■ ,k, the following operator mP{H) is well defined, 

ml{H) -.C'^if)®---® &^{f) ^ C'l+'-'+'H/), 
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ml{H){xi ®---®Xk) = J](«M°o;xi,... rnod 2)xq 

Moreover, m^{H) is a co-chain map with respect to the boundary operator 5, and 
the induced operation of the cohomology group is just the k-fold cup product in the 
sense of (3.1). 

Proof. The essential ingredient of the proof is to prove the fact of no bubbhng-off. 
This can be done by looking at the energy of the element u G J, H) 

E{u) — I \dsuf'jdsdt= I uj{dsU, Jtdsu) 

J D J D 

= — (jj{Jt (dtu + Xfj{u{s,t)), Jtdgu)] dsdt 

^ ^ (3.3) 

u!{Xjj{u{s, t), dgu) dsdt 



= / dHt{u{s,t)){dsu)dsdt < \\H\\. 
Jd 



Here we have use the condition [m] = e 7r2(M, L). Since \\H\\ < (t{L), notice that 
wc can take 7r2(M) as a sub-group of 7r2(M, L), any bubbling-off must have energy 
at least cr(L), so no bubbling-off occurs. If H = 0, then we have m^{0) = nik as 
defined in (3.2) which induced the /c-fold cup product. Taking a suitable homotopy 
H such that the induced maps in H*{L; Z2) satisfying m1{H)* = "1^(0)* = ml 
(see [MSI], Theorem 3.8 for similar arguments. Here we only consider ^ = 0). ■ 

§4 The proof of the main result 

We follow the ideas of [MSI] to prove the main result of this paper. Firstly, 
we modify the pair {J,H) and define the "adapted solution spaces". Given the 
Hamiltonian H e C°°([0, 1] x M, R) and an Ci;-compatible almost structure </, we 
get a corresponding pair (J, H) as in section 2. Here J is explicitly dependent of 
t e [0,1]. Pick an t-independent almost complex structure Jq on TM M, we 
extend J and Jq to a smooth 1-parameter family J = J{s), s e (—00, -|-oo) as 

Let P e C°°(M, [0, 1]) be a monotone cut-off function such that 

Pis) = \ ' - ' and/?'(s)>0. 
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For R e [1, oo), we defined 1-parameter pairs (Jr, Hr) on R x [0, 1] x M as follows, 



iJR,HR){s,t,p) = < 



( {Jo{p),0), s<0, 

{J{s,t,p),/3{s)H{t,p)), 0<s<R, 

{J{R + 1 - s,t,p), P{R + 1 - s)H{t,p)), R<s<R+l, 

I {Mp),o), s>R + 1. 



Associated to {Jr, Hr) we have the Cauchy-Riemann type operator Br for u : 
R X [0, 1] ^ M satisfying the boundary conditions w(-,0) e L and u{-, 1) e L, and 
consider the following equation, 

dRu{s,t) := dsu + jR{s,t,u){dtU + Xfj^{s,t,u)) = 0. (4.2) 

We note that for 1 < s < -R, (4.2) describes the " negative gradient flow" for the 
action functional Ah, i-e., it satisfies 

dj,Hu{s, t) := dsu + Jt {dtu + Xjj{u{s, t))) = 0. (4.3) 
The energy of w : M x [0, 1] — > M associated to Jr is defined by 

"+00 /•! 



/-|-oo /"i 
/ \dsu\'^j^dsdt. 
-oo ^0 



Since a solution u of (4.2) restrict to (— oo,0) x [0,1] or {R + 1, +oo) x [0,1] is 
Jo-holomorphic, finite energy Er{u) < oo implies by the boundary removal of 
singularities (see [Ohl]) that u can be extended over the disc carrying the conformal 
structure from R x [0, 1], 

D = {-oo} U (-00, +oo) X [0, 1] U {+oo}. 

Thus we can identify D with the standard disc (D^i), and for every finite energy 
solution u of (4.2), the homotopy class [u] G 7r(M, L) is well defined. We define the 
adapted solution spaces associated with R by 

M^{R) = {ue C~(Rx[0,l] ^ M) I dR{u) = 0, Er(u) < oo, [u] = e 7r2(M,L)}. 



For an adapted solution u, the following result give an estimate of the energy of u. 
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Corollary 4.1. Every solution u e Ai^{FC) satisfies the energy estimate 

< Er{u) < \\H\\, WR > 1. (4.4) 
Moreover, there exists an / e M such that 

AH{u{g,-))e[l,l+\\H\\], WgE[l,R]. (4.5) 



Proof. These results are taken from [MSI] (Corollary 4.2) for the case of fixed points 
of Hamiltonian diffeomorphism. The proof is the same. We give the proof here for 
the readers' convenience. For u e M^{R) and 1 < (7 < (t' < i?, there holds 

0<E{u-)<AH{u{a,-),[u-])- [ mlH{t,p)dt, (4.6) 

< E{ut) < -AH{u{a, •), [u-]) + I sup H{t,p) dt, (4.7) 

Jo peM 

< E{u-,) - E{u-) = AnHa', ■), K,]) - AnHa, ■), K]). (4.8) 

Here u~ is the restriction of u to D~ := { — oo} U (—oo, cr) x [0, 1] and u'^ is the 
restriction of u to := {a, +oo) x [0, 1] U {+00} . (4.6) follows by 

E{u~) = II Lo{dsU, JrOsu) dsdt = // Lo{dsU, dtu + pXfj) dsdt 

JJd- JJd- 

= [[ u*io+ I H{t,u{a,t))dt- I P'{s)ds [ H{t,u{s,t)) dt. 
JJd- Jo J -00 Jo 

Thus there holds 

AH{u{a, •), [u-])- [ sup H{t,p) dt < E{u-) < AH{u{a, •), [«"])- [ ^ni H{t,p) dt. 
Jo peM Jo 

(4.9) 

Using Ah{u{(t, •), [«+]) = uj{[u]) - Aniuia, ■), [u^]) and uj{[u]) = 0, we get (4.7) 
analogously. (4.8) is obvious. (4.4) follows from (4.6) and (4.7). (4.5) follows from 
(4.9) and the fact E{u-) < Er{u). ■ 
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For the modified pair {Jji^Hr), as in section 3, we choose an auxihary Morse 
function / and 1-parameter famiUes metrics on L, j = 0,1, ■ ■ ■ ,k. For any 
k + 1-tuple (j/O) • • • ) Vk) £ (Crit/)'^"'"^, we define the moduli space 

= {(^,70, • • ■ , 7fe) e M'^iik + 1)R) X W^oivo) X W^^iy,) x • • • x W^,{yk)\ 
«(-oo)=7o(0), ti(ji?,0) = 7,(0), j-l,---,/c}. 

(4.10) 

Here we remind that we have replace the disc D by the disc D = {— oo}U(— oo, +oo) x 
[0, 1] U {+C)o} with the standard complex structure i, and zq = — oo, Zj = {jR,0). 
An immediate consequence of Theorem 3.1 is 

Corollary 4.2. Let (M, u) be a closed symplectic manifold, L be its closed rational 
Lagrangian submanifold with the constant cr(L) as defined in section 2. The Hamil- 
tonian : [0, 1] x M — > M satisfies \\H\\ < cr(L). Given homogeneous cohomology 
classes ai, • • • , ccfc e H*{L) with nontrivial cup product ckq = cti U • • - UcKfe e H*{L), 
there exist critical points yo,yi, - ■ • ,yk £ Grit f satisfying 

IJ,{yo) = degao, iJ,{yj) = degaj, j = 1, • • • , A; 

such that the solution space M.^^.y^ ... y^{J, H , f , {gi))is nonempty. 

From this existence result for finite energy solutions of (4.2), we will deduce the 
asserted estimate for the number of critical values for the action functional Ah by 
considering R ^ oo. 

We now consider the broken flow trajectories. Let us recall the pair (J, H) and 
the Cauchy-Riemann type equation from (2.1) with L boundary conditions 

{dj,Hu){s,t) = dsu + J{t,u){dtu + Xjj{u)) = 0, 

u(s,0) e L, Vse(-oo,+oo) (4.11) 

u{s,l) e L, Vs e (— oo,+oo). 

and the Hamiltonian systems with the L boundary conditions from (2.7) 

r x{t) = -x^{x{t)) 

1 xiO) e L, xil) eL. ^ ' ^ 

The set of solutions of (4.12) is 1-1 correspondent with the set of the intersection 
points L n (p^{L). We denote the set of solutions of (4.12) by Sl{H). 
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Proposition 4.3. If the number of the above solution set ^Sl{H) < oo, then there 
exists a unique limit x G Sl{H) for every solution of restrict in the half area 

with the same boundary condition 

{dj,Hu){s,t) = dsU + J{t,u){dtu + Xfj{u)) = 0, 
u{s,0) e L, Vs e [0, +00) 
u{s, 1) eL, Vs e [0,+oo) 
E{u) < 00. 

that is, u{s, •) — > a; uniformly in C°°([0, 1], M) as s — > 00. 

Proof. This proposition is adapted from Proposition 4.4 of [MSI] and the proof is 
standard as given in [MSI]. We consider the rcparamctrizcd solution Un = u{-+Sn, •) 
for Sn 00, we have E{un\[-a,a]) for all a > due to the finite energy 
assumption. Hence for a suitable subsequence Un^, converges in C^^^ and the limit is a 
translation invariant solution of dj^nu = with the mentioned boundary conditions 
over IR x [0,1], that is constant in s and therefore an a; e Sl{H). Given two 
sequences Sn, s'^ — > 00 with u(s„) — > x and u{s'^) x' the finiteness of Sl{H) 
implies x = x' . Otherwise, one can assume that — — 00 and find, after 
choosing suitable subsequence, a sequence Sn < Sn < s'^ such that without loss of 
generality u{sn) — > x with x ^ x and x' 7^ x. Repeating this argument finitely 
many times leads to a contradiction. 

■ 

Without loss of generality we can assume that '^Sl{H) < 00. Hence for a solution 
of (4.11) with finite energy, there exist x,x' e Sl{H) such that 

lim u{s) — x, lim u{s) — x' . 

S— > — 00 8—>-00 

We define the following connected trajectory spaces for x, x' G Sl{H) 

Mx X' (J, H) = {u : Rx[0, 1] ^ M\u solves (4.11), lim u{s) = x, lim it(s) = a;'}. 

Similarly we define disk type solution spaces for the structure J and /? from above 

M^{J,H) = {u : M X [0, 1] ^ M\ dsU + J{±s,t,u){dtu + (3{±s)Xg{t,u)) = 

w(s,0) G L, u{s,l) G L, Vs G M 

E{u) < 00, «(±oo) = x}. 
12 



(4.13) 



An element of Al J (J, H) is a map which is pseudo-holomorphic in an area contain- 
ing infinity (the singularity at infinity can be removed) and is a solution of (4.13) 
in another containing infinity with its limit. 
We denote the spaces of so-called broken solutions by 

MO{J, H) = {(«_,«!, ■■■ ,Uk, u+) 

e M-^{J,H) X M,,MJ,H) X . . • X M,,_„,,{J,H) x Mt,{J,H)\ 
xo,--- ,XkeSL{H), k>0, •••#«+] = 0e7r2(M,L)}, 

where ^ is the obvious gluing operation. 

Considering the solution spaces M.^{Rn) for i?„ — > cxd, we say that a sequence 
Un e A4°(i?„) converges weakly to a broken solution 

Ufi {vo,vi, ■ ■ ■ ,Vk,Vk+i) e M^{J,H) 

if there are sequences {(Ji,n}ne'^ C M, i = 0, ■ • • ,k + l, such that the reparametrized 
maps Un{- + (7i,ni ■) converge uniformly on compact subsets with all derivatives to 

Un{- + (Ti,n: ■) ^ Vi in Cf^^{^ X [0, 1], M). 

Clearly, this requires that cro,n = and ak+i,n = -Rn + 1 for all n eN. The following 
result is analogous to Gromov's result about the minimal energy of J-holomorphic 
discs, [G]. 

Lemma 4.4. Given a pair {J, H) with ^Sl{H) < oo, there exists a lower bound 
h{J, H) > for the energy of all non- stationary finite energy trajectories, that is, 

dj,HU — 0, u{s, 0) G L, u{s, 1) G L, and dsU ^ imply E{u) > h{J, H). 

Proof. We follow the ideas of [HS] to prove the result. For the case H = 0, u 
can be extended to a J-holomorphic disc. The result follows from the Gromov 
compactness. In fact, if there is a sequence of J-holomorphic discs Un with energy 
E{un) 0, then by Gromov compactness, Un weakly converges to a cusp curve 
with positive energy, a contradiction. If H ^ 0, assume that there is a sequence of 
solution Un with ^ E{un) —>■ 0. We prove that dgU converges to zero uniformly 
in R X [0, 1] as n tends to oo. Otherwise there would exist a sequence (sn, tn)such 
that \dsu{sn,tn)\ > S > 0. If Sn IS bounded, we can assume Sn ^ without loss 
of generality. Since E{un) converges to zero no bubbling can occur and hence a 
subsequence of Un converges with its derivatives uniformly on compact sets to a 
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solution M : IR X [0, 1] — > M with mentioned boundary conditions, dsu{0, t*) > 6 and 
E{u) = 0. But the latter implies that u{s, t) = x{t) in contradiction to the former. If 
Sn is non-bounded, then we can assume oo. We consider Vn{s, t) = u{s + Sn, t) 

as in the proof of Proposition 4.3, then by the finiteness condition: ^Sl{H) < oo, 
we can get Vn ^ v with |9st'(0, t*)\ > 5 and E{v) = 0, it is still a contradiction. ■ 

We denote the broken trajectory space by 

Mx,y{J, H) = {U = {Ui, ■ ■ ■ ,Ur) \ Ui e Mxi_i,Xi 

i = 1, ■ ■ • ,r, xq = X, Xr = y, re N}. 

It is the space of broken trajectories started from x G Sl{H) and ended at y e 
Sl{H). The energy of a broken trajectory u = (wi, • • • , Ur) satisfies 

r 

If u e Mx,x, then [u] G 7r2(M, L) is well defined and (^([u]) — E{u) ^ 0, the latter 
follows from the fact that the start point is just the end point, so there holds 

^ / uj{dtUi,JXfj(u))dt = {). 

Thus if u ^ X, then -E'(u) ^ 0, it implies that i^([u]) = E{\i) > a{L). 
We define 

ao{uj, H, J) = inf{£;(u) | u e Mx,x{J, H), uj^x, xe Sl{H)}. 

Theorem 4.5. Let ^Sl{H) < oo and Un € A4^{Rn) be a sequence of solution with 
Rn — > OO and uniformly bounded gradient Vun- Then there exists a subsequence 
{■Unfc} converging weakly to a broken solution 

^nfe ^ {v-,vi, ■ ■ ■ ,vn,v+) e M^{J,H). 

Proof. This result is similar to Theorem 4.5 of [MSI]. Elliptic bootstrapping implies 
Cj^^-convergence for subsequences of + for any shifting sequences {s„}, 
— > oo. Assume that we have already shifting sequences {sn} and {sn} such that 

Sn - Sn ^ oo and Un{- + Sn) ^ V, 'U„(- + Sn) ^ W m C^^ with V e Mj:^y{J, H) 

and w e M.yi^z{J, H), we use the analogous argument as in the proof of Proposition 
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4.3. We show that either y = y' or that modulo choosing a subsequence we find 
a sequence ^ oo such that s„ < r„ < s„ and Un{- + r^) ^ w E M.y^yi{J,H). 
This requires Hfting to the covering Oq {L) where the function Ah is real- valued and 
the energy of u G A4x,y{J, H) is given by E{u) — Aniy) ^ w4h(x), where x is the 
lifting of X in Q,q{L). Prom the total energy bound by \\H\\ from Corollary 4.1 and 
the minimal energy J, H) > for non-stationary trajectories from Lemma 4.4, it 
follows that only finite number of y e Sl{H), the lifting of Sl{H) in Q,q{L), can 
occur between y and y'. It remains to show that AH^y) = Aniy') implies y = y'. 
This follows from the following result. 

Lemma 4.6. Let ^Sl{H) < oo, there exists a 7 > such that for every neigh- 
bourhood W of Sl{H) in C°^{[0,1], M) there exists a number h — h{M) with the 
following properties: 

If u : (r, R) X [0, 1] ^ M for -00 <r<R<oo solves 

dj,HU = 0, «(-,0)eL, w(-,l)eL, [«(!^,.)]=0e7ri(M,L), ^^^^^ 
E{u) < 7 and R-r > 2h, 

then u{s) G W for all s G {r + h, R — h) . Moreover, given ko E N, e > 0, there 
exists h = h{ko,e) such that solutions of (4-14) view as a mappings into M C 
satisfy 

\D'^{u{s,t) - x{t))\ < e,y{s.t) e{r + h,R-h)x [0,1], \a\ < ko 
for a suitable x G Sl{H). 

Proof. We prove indirectly the second assertion. Assume that given any 7 > 
there exist /c(7) G N, 6(7) > 0, /in — ^ cxo, < R^ with Rn — > 2hn and 
Un : {rn,Rn) X [0,1] ^ M satisfying the boundary condition as in (4.14) and 
dj,HUn — 0, Jj. " Jq \dsUn\'^ dsdt < 7 such that there exist {sn, tn) G (r^, Rn) x [0, 1] 
and a < k with 

\D°'{UniSn,tn) - x{tn))\ > € 

for all n G N and x G Sl{H). Reparametrizing Un so that fn(-s, t) — Un{s -\- Sn, t) 
solves dj^H^n = with 

/ \dsVn\'^dsdt < 7 and {D'^ivniO^tn) - x(tn))\ > e. 

-hn Jo 

Without loss of generality we can replace tn by some to- Choosing 7 > small 
enough by Gromov's theorem about the minimal energy of pseudoholomorphic 
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spheres or holomorphic discs with L-boundary condition (see the proof of Lemma 
4.4), there exists a number c > such that 

\VVn{s,t)\<C ^{s,t)e[~hn,^K]x [0,1], U E N. 

Otherwise, we would obtain a pseudoholomorphic sphere or disc bubbhng off with 
energy less than 7. Thus , choosing a suitable subsequence, without loss of generality 
denoted again by n G N, we obtain uniform convergence on compact subsets, v„ — > 
{v.Rx [0, 1] ^ M) in C^^ with 

/CXD p1 
/ \dsv\'^ < 7 and 
-00 Jo 

\D"{v{0,-)-x{-))\Lo.^[o,i])>e, v{;0)eL, v{-A) e L. 

But Lemma 4.4 implies for 7 < h{J, H) that dgV = 0, i.e. v{0) e Sl{H) providng 
the contradiction. ■ 

This also concludes the proof of Theorem 4.5 because Aniy) = Aniy') implies 
that we can find sequences s„ and s'^ such that Un{sn) ~^ y, Un{s'^) — > y' and 
< Sn — s'^ with E{un\[s^,s'^]) 0. Consequently, Lemma 4.6 yields y = y'. ■ 

Remark 4.7. In our case we have \\H\\ < a{L), and E{un) < \\H\\ by Corollary 
4.1 for Un e Ai^{Rn), bubbling-off cannot occur, thus the gradient of Un is uniformly 
bounded. 

We denote the covering space of Sl{H) in the sense of section 2 by Sl{H), i.e., 
any element x = {x, Ux) G Sl{H) is a critical point of Ah in the space ^o{L) and x 
is a solution of x = —Xfj{t, x) with the boundary conditions x{Q) G L and x{l) G L. 
It implies x{0) G L n <^^(L), see (2.7). The space carries a partial ordering with 
respect to the gradient flow of Ah- 

Definition 4.8. Given a pair x, x' G Sl{H), we say x < x' there exist connect- 
ing broken flow trajectories M.xy{J,H) ^ 0. Given a Morse-Smale pair {f,g), we 
say that x ^ x'i/ there exist u G A4x,x'{J, H) and y G Critf with iJ,{y) > 1 such 
that u{0,0) eW^{y). 

If tj{L n (fi^{L)} < CXD, then for a generic choice of Morse function / : L — > M and 
Riemannian metric g on L , there holds 

U W^{y)nLn^\L) = 0. (4.15) 
m(?/)>i 

This can be prove by standard transversal analysis (see [MSI]). Thus if choose (/, g) 
satisfying (4.15), then for x -C x' we have x ^ x' thus x < x' and in particular 
Ani^) < -^h(x'). The latter can be seen from the proof of Theorem 4.5. By this 
observation we have the following result. 
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Corollary 4.9. Let k and {f,gl), i = 1, - • • ,k satisfy condition (4-15) with 
respect to H satisfying Sl{H) < oo. Given a sequence 

with yi G Critf , ^{yi) > 1 for i = 0,1, ■ ■ ■ , k, weakly converging to a broken tra- 
jectory, there exist solutions xi,-- - ,X7v G Sl{H) satisfying xi < ■ ■ ■ < x^v and 
1 < ui < mi < n2 < < • ■ ■ < rik < ™fe < N such that x„. -C x^. for 
i = 1, ■ • • , k. In particular, there exists an Z G M such that 

I < Ani^m) < ■ ■ ■ < ^i/(xnj < Ani^mk) < I + \\H\\. 

Proof. By assumption, the sequence G M.^{{k + 1)-Rn) satisfies 

UnijRn, 0) G W'g{yj), j = !,■■■ ,k. 

Moreover, if tt„ converges weakly to a broken solution 

{v-,vi,--- ,VN,v+) G M^{J,H) 

we have reparametrization sequences {o^i^n}n&n ioi i = 1, ■ • • , N such that Un{- + 
cri,n, ■) ^ in and Un V-, Un{- - {k + l)Rn - 1, •) ^ Considering 
the shifted solutions Unj = Un{- — jRn, we thus obtain after choosing a suitable 
subsequence C^'^^-convergence u^j — ^ wj G A4j:.y,{J,H) for some Xj,x^- G Sl{H), 
j = 1, • • • ,k. By definition, we have Xj <^ x^- and the assumption of weak conver- 
gence implies the order 

Xi < x'l < X2 -C X2 < • • • < Xfc -C x^. 

We now can prove the main result of this paper. ■ 

Theorem 4.10. Let {M,lo) be a closed symplectic manifold, and L be its closed 
Lagrangian submanifold satisfying the rational condition uj{tt2{M, L)) = cr{L) • 
Z, ct{L) > 0. <f> = (f>^ is a Hamiltonian automorphism of {M,uj) generated by the 
Hamiltonian i7 : [0, 1] x M — > M with \\H\\ < a{L). Then the cup-length estimate 
of the Lagrangian intersection holds 

^{Lnifi{L)}>cl{L). 

Proof. By the assumption \\H\\ < cr(L), for a generic almost complex structure J 
compatible with the symplectic structure u>, let k -\- 1 — cl(L), then by Corollary 
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4.2 we find solutions Un G -^yo;!/!, -- ,yfc ((^ 1)-Rn) for some sequence i?„ — > oo and 
Hi G Crit/ where {f,g^) satisfy (4.15). By Corollary 4.9, Theorem 4.5 and Remark 
4.7, there are k + 1 critical points Xj e Sl{H) for on rio(-^) defined in section 
2 such that 

I < <■■■< Ani^k+i) < I + \\H\\ 

for some / G M. Due to the assumption \\H\\ < a{L) again, there is no broken 
trajectory of flow started from some solution x G Sl{H) and ended at the same 
solution. In fact, the energy of this mentioned broken trajectory should be not less 
than the number cr(L), but on the other hand side, this energy should be not more 
than \\H\\ since E{un) < \\H\\. Namely, the k-\-l critical points Xj project to + 1 
different solutions Xi G Sl{H). ■ 

Remark 4.12. Remark. As in [Chl-Ch2], the symplectic manifold can be more 
generally a tame symplectic manifold, since the tameness condition allows us to deal 
with M as if it is compact, all the techniques are the same as in the compact case if 
we only consider the compactly supported Hamiltonian H. We recall that (M, uj) is 
tame if there exists an almost complex structure J on M such that g{-, •) = a;(-, J-) 
is a Riemannian metric on M satisfying the following conditions: 

(i) Riemannian manifold (M, g) is complete, 

(ii) the sectional curvature of g is bounded, 

(iii) the injectivity radius of g is bounded away from zero. 

Let J be an almost complex structure on M such that (M, w, J) is a tame almost 
Kahler manifold, denote by J' the space of such stuctures. Let as{M, J) denote the 
minimal area of a J-holomorphic sphere in M, and an^M, L, J) denote the minimal 
area of a J-holomorphic disc in M with boundary on L. These numbers may equal 
infinity if there are no such J-holomorphic curves. Otherwise, minimals are achieves 
due to the Gromov compactness theorem (see [G])and are clearly positive. Let 

a{M, L, J) = min((75(M, J), a-£,(M, L, J)) 

We remind the number a"o(u;, H, J) is defined just before Theorem 4.5. The following 
result does not require that L is rational Lagrangian submanifold of M. 

Theorem 4.13. // < mm{ao{(jj, H, J), a{M, L, J)), then the standard cup- 
length estimate is valid 

tl(Ln^(L))>cl(M). 

Proof. The proof is the same as in the proof of Theorem 4.11. With the condition 
\\H\\ < min(a"o(c<;, -ff, J), cr(M, L, J)), the bubbling-off can not occur, we can also 
guarantee that the different critical points Xj G Sl{H) can be project to different 
Xi G Sl{H) as done in the proof of Theorem 4.11. ■ 
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